Abstract. In a one-dimensional elastic medium with finite correlation length and purely relaxational dynamics, we calculate the time dependence of the elastic force F (t) exchanged between two active inclusions that trigger an elastic deformation at t = 0. We consider (i) linear inclusions coupling to the field with a finite force, and (ii) non-linear inclusions imposing a finite deformation. In the non-linear case, the force exhibits a transient maximum much larger than the equilibrium force, diverging as ∼ L −2 at separations L shorter than the field's correlation length. Both the meanfield and the Casimir component of the interaction are calculated. We also discuss the typical appearance time and equilibration time of the force, comparing the linear and the non-linear cases. The existence of a high transient force in the non-linear case should be a generic feature of elastically-mediated interactions.
Introduction
Inclusions placed in an elastic medium usually deform it, and experience mediated interactions as the total elastic free energy depends on their separation. This occurs in crystals and in soft matter systems, such as capillary interfaces, bilayer membranes, liquid crystals, and binary mixtures [1, 2] . In systems exhibiting nearcritical fluctuations, a Casimir-like effect adds up, which is due to the coupling between the boundary conditions and the fluctuations of the medium [3, 4] . While these effects are rather well understood, the dynamics of elastically-mediated interactions remains a challenging subject. Mobile inclusions couple to the dynamics of the elastic medium, which produces non trivial effects [5, 6, 7, 8] , as in the dynamics of fluctuation-induced forces [9, 10, 11] Here, we investigate the dynamics of the force exchanged between two fixed but active inclusions, that are simultaneously triggered. For t < 0, the inclusions impose no deformation to the medium, either they are outside the medium, or they are in a state in which they do not couple with its elastic field. At t = 0, they are triggered, i.e. they actively change state or insert into the medium, and they start to impose an elastic deformation. We consider two limiting cases: (i) soft, linear inclusions, and (ii) hard, non-linear inclusions. In the former case, the inclusions couple linearly to the elastic field with a constant force. It is then the competition with the medium that sets the amplitude of the deformation. In the latter case, the inclusions couple nonlinearly with the elastic field in such a way that they impose a constant deformation. In both cases, we assume that the time scale associated with the switching of the inclusions is much shorter than the response time of the system; in other words the switching of the inclusions is assumed to be instantaneous. These are realistic situations: membrane proteins, for instance, may switch upon binding of ATP from a non-curving cylindrical shape to a curving conical one [12] . Either the protein opens-up with a finite force, or it abruptly changes its shape and imposes a local membrane curvature. For membranes proteins, the latter case is more realistic, as proteins are much stiffer that the surrounding membrane. Assuming an instantaneous shape change is also a very good approximation, since the dynamics of the membrane is much slower than that of the protein at distances comparable with inter-protein distances [13] .
Soft, linear inclusions
For the sake of simplicity, we consider a one dimensional elastic medium described by a scalar Gaussian field φ(x, t), and a purely dissipative dynamics of the model A type. The Hamiltonian H of the system is equal to the elastic medium's Hamiltonian:
plus the Hamiltonian of the inclusions. For soft, linear inclusions, triggered at t = 0, we take for the latter:
the inclusions being placed at x = 0 and x = L. Here, θ(t) is the Heaviside step function, δ(t) is the Dirac distribution, B is the strength of the inclusions, and ∇ = ∂ x . Assuming a purely relaxational dynamics, the time evolution of the field is given by [14] 
where η(x, t) is a thermal Gaussian noise satisfying η(x, t) η(
, with T the temperature and k B Boltzmann's constant. Let us rescale all lengths by the field's correlation length ξ = (c/r) 1/2 , all times by τ = (Γr) −1 , and all energies by ǫ = rξ = (rc) 1/2 , so that everything becomes dimensionless. The dynamical equation and the noise correlation function become:
Note that B has been rescaled by ǫ and T by ǫ/k B .
Force exchanged between the inclusions
The interaction between the inclusions can be computed from the stress-tensor associated to the elastic medium [15, 9, 16, 17] (see also the discussions in Refs. [18, 11] (∇φ) 2 , the stress tensor is given by
Hence, the ensemble average of force acting on the inclusion at x = 0 is given by
Note that the φ 2 terms have canceled out because of the continuity of φ in x = 0. Let us decompose the field as its ensemble average plus its stochastic component:
Since φ (x, t) = 0, the force F (t) exchanged between the inclusions can be written as F (t) = F (t) + F C (t), with F (t) its the mean-field component and F C it's Casimir, fluctuation-induced, component:
Let us first deal with the Casimir component F soft C (t). Because the theory is Gaussian, and because H inc contains only terms that are linear in φ, the correlation function C(x, x ′ ; t, t ′ ) = φ (x, t)φ(x ′ , t ′ ) of the stochastic partφ(x, t) of the field is the same as in the case B = 0. Using the Martin-Siggia-Rose formalism [19] , one can show that it obeys the equation
at all points of space and time. As the physics is translationally invariant forφ (in the soft, linear case), the quantity [∇φ(x, t)] 2 is space independent, therefore continuous, and
There is no fluctuation-induced component of the force in the case (i) of soft, linear inclusions.
Before studying the mean-field component F (t), let us study the time evolution of Φ(x, t) = φ(x, t) . Taking the ensemble average of equation (4) 
The solution iŝ
with
] in order to normalize the field in such a way that Φ 0 = 1. We thus obtain 1/C 2 = [1 + exp(−L)]s √ 1 + s, which completely definesΦ(x, s). Figure 1a shows the profiles of Φ(x, t) (in the soft, linear case), obtained by numerically inverting the Laplace transform using Durbin's method [20] . At short times, the inclusions are not aware of each other, and the deformation is approximatively symmetrical around each inclusion, displaying a characteristic conical shape with fixed angle. Indeed, the term −(B/s)δ(x) in the dynamical equation implies ∇Φ(0
B/s (by symmetry), which yields a constant slope ∇Φ(0
Taking the limit L → ∞, as the inclusions ignore each other at short times, the deformation obeyŝ
With the constant slope, this implies that the deformation spreads as ∆x ∼ t 1/2 , as expected for purely relaxational dynamics. We therefore expect that the inclusions will start interacting after a time ∆t ∼ L 2 . Let us now calculate the force F (t) by using equation (9) . The quantities ∇Φ(0 ± , t) contributing to F can be calculated analytically by computing the inverse Laplace transform of ∇Φ(0
We thus obtain for the mean-field force:
where
is the equilibrium force. Both quantities being positive, the interaction between the inclusions is attractive. Note that F eq can easily be obtained by solving the static problem. It is obviously the common asymptotic limit of F (t) both in the case (i) of soft, linear inclusions and in the case (ii) of hard, non-linear inclusions, as the asymptotic profiles are identical. The spreading of the deformation at short times as ∆x ∼ t 1/2 suggests to plotF (t) as a function of t/L 2 . Figure 2a shows that this scaling is reasonably good, although there is no true scale invariance in this problem (due to the existence of a characteristic length and a characteristic time, both equal to unity here).
Hard, non-linear inclusions
We now set H inc = 0 (i.e. B = 0) and we impose the following "hard" boundary conditions: φ(0, t) = φ(L, t) = 1, ∀t ≥ 0. Note that for t < 0 the field fluctuates freely with no boundary conditions. Because H el is unchanged, and because we still use the purely relaxational model A dynamics, the time evolution of φ(x, t) is still given by (4), with B = 0, and its ensemble averageΦ(x, s) by (13), also with B = 0. With the hard boundary conditions in Laplace form, this yields
The solution is still given by (14) , but the boundary conditions now yield C 1 = 1/s and 1/C 2 = [1 + exp(−L √ 1 + s)]s. Figure 1b shows the profiles of Φ(x, t), obtained by numerically inverting the Laplace transform using Durbin's method. Again, at short times, the inclusions are not aware of each other, and the deformation around each inclusion is symmetrical. The slope of the deformation profile is given by
Hence, at short times ∇Φ(0 − , t) ∼ t −1/2 , and since Φ(0, t) = 1, the deformation spreads again diffusively as ∆x ∼ t 1/2 . The force exchanged between the inclusions is still given by F (t) = F (t) + F C (t), with F (t) given by (9) and F C (t) given by (10) , as the elastic Hamiltonian is unchanged. Let us first discuss the mean-field force F hard (t). Contrary to the case (i) of soft, linear inclusions, there is no analytical solution, hence we used Durbin's numerical method to compute the inverse Laplace transforms of ∇Φ(0 ± , s). Figure 2b shows the time evolution ofF hard (t) = F hard (t)/F eq for the same set of separations L as in the soft case.
The striking feature is the existence of a bump, which becomes very large when the inclusions are at a distance shorter than the field's correlation length (i.e. L < 1). As shown in figure 3a , the maximum of the force actually diverges as
Indeed, when the deformations produced by the inclusions start to merge, the gradient of Φ is of order 1/L, and asymmetric (see figure 1b) , which by (7) implies the scaling of the force. This reasoning holds only if the deformations have not relaxed spatially when they merge, which implies the disappearance of the maximum when L reaches unity ( figure 3a) . The Casimir component F hard C (t) is given by (10) , and it can be derived from the correlation function. Using again the Martin-Siggia-Rose formalism, we find that the correlation function C(x, x ′ ; t, t ′ ) = φ (x, t)φ(x ′ , t ′ ) is still given by (11) , as in the soft case (i), but now with boundary conditions such that C(x, x ′ ; t, t ′ ) must vanish if either x or x ′ is equal to 0 or L at positive times. We thus have Dirichlet conditions in x = 0 and x = L for the fluctuating fieldφ at positive times, while there are no boundary conditions at negative times. There is no need, actually, to calculate C(x, x ′ ; t, t ′ ). Since the model is Gaussian, the Fourier modesφ(q, t) are independent. They are thermally equilibrated at t < 0, then, at t = 0 all the modes that do not satisfy the Dirichlet boundary conditions are suddenly removed while the other remain thermally equilibrated. It follows that the Casimir interaction jumps abruptly from 0 to its equilibrium value:
Note that this situation differs from that discussed in [21] , where the dynamics of the Casimir force is calculated for a system prepared in the frozen stateφ = 0 at time t = 0.
To calculate the equilibrium value of the Casimir force, we have used the method of Li and Kardar [22] : the static correlation function of the field free of boundary conditions is G(x) = 1 2 e −|x| , which yields the Casimir energy 
Dynamical regimes of the force
To complete the dynamical study of the mean-field forceF (t), let us define the appearance time t − , and the equilibration time t + , by the conditions
with p ≪ 1. The behaviors of t − (L) and t + (L) are shown in figure 3b for p = 3% (i.e. a few percent). Let us first discuss the case (i) of soft, linear inclusions (dashed curves in figure 3b ). For L ≪ 1, we expect scaling laws, as the characteristic lengths and times are irrelevant. Indeed, in this regime the force is well approximated byF (t) ≃ erfc( L/ √ t), which can be deduced from (15) by setting exp(2L) ≃ 1 and t ≪ L. It follows that
For p = 3% one obtains D − ≃ 9.4 and D + ≃ 2.3×10 −3 . Note that in figure 3b the regime t − ∼ L 2 is apparent, while the regime t + ∼ L 2 occurs at values of L smaller than those displayed. In the opposite regime L ≫ 1, where there are no scaling laws, the force at large times is well approximated by the first term of (15), i.e.F (t) ≃
For p = 3% one obtains α ≃ 1.8. The establishment of the force therefore lasts t + − t − ≃ α(2L + α) in this regime. Let us now turn to the case (ii) of hard, non-linear inclusions. First of all, for L ≫ 1, we notice on figure 3b that the curves t ± (L) are superimposed on the dashed ones of case (i). They are therefore given by (25). Indeed, whatever the inclusion type, the deformation profiles are already well established in this regime when their tails start to overlap. In the range of values L ≪ 1 that we have explored, t − (L) is well fitted numerically by a power law L λ ; we found λ ≃ 2.15±0.05 (instead of λ = 2), which seems to be independent of p in the range [0.1%, 10%]. A more detailed numerical study would be required, however, to discuss seriously this scaling law. Conversely, the time t max at which the force maximum occurs is found numerically to follow an analytic power-law:
with D max ≃ 6.0. As for the equilibration time, we find numerically t + (L) of order unity for L < 1, with t + (L) → t 0 ≃ 1.3 as L → 0. In other words, the equilibration time is set by the field's own timescale, even when the inclusions are very close to each other. Another characteristic feature of hard, non-linear inclusions is the existence of a discontinuity in t + (L), occuring at L ≃ 2.25 for p = 3% (see figure 3b ). This discontinuity comes from the maximum of the forceF (t): if the latter is larger than 1 + p then t + (L) lies after the maximum, otherwise it lies before the maximum. Overall, for L < 1, the force in the hard inclusions case appears sooner and equilibrates later than in the soft inclusions case.
Conclusion
We showed that the mechanism by which active, switchable inclusions set their deformations in an elastic medium has important consequences on the dynamics of the force they exchange. In the example studied here, two inclusions instantaneously triggering their deformations may experience a transient mean-field force that can be hundreds of times larger than the equilibrium one. Inclusions setting their deformations through an instantaneous force do not exhibit such a behavior. The timescales associated with the dynamics of the force are also largely affected by their switching mechanism. The existence of a high transient force for inclusions setting their deformation instantaneously (i.e. much quicker than the deformation of the medium) should be a generic feature of elastically mediated interactions. It might have important consequences. For instance, two active inclusions tied to the medium by a link withstanding the equilibrium force could either break free, or remain attached, depending on the nature of their switching mechanism.
